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Agenda

• A change of perspective: reward prediction errors 
and errors of prediction without rewards.

• Basic elements of Bayesian inference
(A gentle introduction)

• Phenotypes and hierarchies.



Next

• A change of perspective: reward prediction errors 
and errors of prediction without rewards.

1. Beliefs beyond values.

2. Competing theories.

3. Dopamine signals of reward prediction 
error (or maybe not).

• Basic elements of Bayesian inference
(A gentle introduction)

• Phenotypes and hierarchies.
Time

TD modelEmpirical Data



Prior-based Perception
Perception is informed by existing beliefs.
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Prior-based Behavior Interpretation

Crow helps hedgehog to cross the street

Video removed from the online version



Crow pecks hedgehog trying to eat it

Prior-based Behavior Interpretation



In 1964, Kitty Genovese, a 28-year-old woman, is 
killed outside her apartment building in New York City. 
Two weeks after the murder, The New York Times 
published an article reporting that 37 witnesses saw 
or heard the attack, and that none of them called the 
police or came to her aid.

The behavior was explained with the bystander 
effect.

Prior-based Beliefs (i.e., priors)



In 1964, Kitty Genovese, a 28-year-old woman, is 
killed outside her apartment building in New York City. 
Two weeks after the murder, The New York Times 
published an article reporting that 37 witnesses saw 
or heard the attack, and that none of them called the 
police or came to her aid.

The behavior was explained with the bystander 
effect.

Was the story real? Is the effect real in experimental 
settings?
Is it ecologically validated?

What kind of information would change your mind?

Prior-based Beliefs (i.e., priors)



Bayesian Inference

Models of the world

• Prior (i.e., pre-existing) beliefs:
NYC is an unforgiving and hostile place.
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• Prior (i.e., pre-existing) beliefs:
NYC is an unforgiving and hostile place.

• Observation:
Trusted sources report numbness to 
violence.



Models of the world

• Prior (i.e., pre-existing) beliefs:
NYC is an unforgiving and hostile place.

• Observation:
Trusted sources report numbness to 
violence inability to help fellow human.

• Posterior (inferred state):
NYC is a model for all (you are on your 
own).

Bayesian Inference



Models of the world

Mismatch between prior and 
observation results in prediction error 
and belief updating, generating the 
new posterior.

Bayesian Inference



Competing theories

Bayesian Inference

Critic

Actor Body Environment

Noise Noise

Actions

Reinforcement 
signal

Context

Internal/external value-
based feedback

Reinforcement Learning



Prediction errors

Time

TD modelEmpirical Data

Schultz W, et al. 1997 A neural substrate of prediction and 
reward. Science. 14;275(5306):1593-9. 
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Prediction errors

Time

TD modelEmpirical Data

Dommett E, et al. 2005 How visual stimuli 
activate dopaminergic neurons at short latency. 
Science. 2005 Mar 4;307(5714):1476-9. 



Is a flash of light rewarding?

Is dopamine (also) responding to 
salient or novel stimuli?

Dommett E, et al. 2005 How visual stimuli 
activate dopaminergic neurons at short latency. 
Science. 2005 Mar 4;307(5714):1476-9. 
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Is a flash of light rewarding?

Is dopamine (also) responding to 
salient or novel stimuli?

Dommett E, et al. 2005 How visual stimuli 
activate dopaminergic neurons at short latency. 
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Is a flash of light rewarding?

Is dopamine (also) responding to 
salient or novel stimuli?

Reward prediction error

Dommett E, et al. 2005 How visual stimuli 
activate dopaminergic neurons at short latency. 
Science. 2005 Mar 4;307(5714):1476-9. 

Prediction errors



Is a flash of light rewarding?

Is dopamine (also) responding to 
salient or novel stimuli?

Reward prediction error

Or novelty detection.

Or onset/offset detection.

Or extrinsic/intrinsic reward signals.

Dommett E, et al. 2005 How visual stimuli 
activate dopaminergic neurons at short latency. 
Science. 2005 Mar 4;307(5714):1476-9. 

Prediction errors



Competing theories

Philosophy of science (mildly scary version)

• Thomas Kuhn
“ […] past scientific revolutions were not the 
unambiguous expression of sheerly logical and 
experimental factors, rationally played out 
according to a well-defined methodology. 
Rather, they were the expression of a variety of 
nonlogical factors as well: social, 
psychological, metaphysical, technological, 
aesthetic, and personal.”
The Structure of Scientific Revolutions



Competing theories

Philosophy of science (mildly scary version)

• Thomas Kuhn
• Paul Churchland
“ […] past scientific revolutions were not the 
unambiguous expression of sheerly logical and 
experimental factors, rationally played out 
according to a well-defined methodology. 
Rather, they were the expression of a variety of 
nonlogical factors as well: social, 
psychological, metaphysical, technological, 
aesthetic, and personal.”
The Structure of Scientific Revolutions
The Engine of Reason



Competing theories

Philosophy of science (really scary version)

Key words for future reference:
• Social epistemology of science or social 

empiricism.
• Actor-Network Theory (ANT).
• Cultural Attractor Theory (CAT) or cultural 

darwinism.



Questions?

• A change of perspective: reward prediction errors 
and errors of prediction without rewards.

1. Beliefs beyond values.

2. Competing theories.

3. Dopamine signals of reward prediction 
error (or maybe not).

• Basic elements of Bayesian inference
(A gentle introduction)

• Phenotypes and hierarchies.



Next

• A change of perspective: reward prediction errors 
and errors of prediction without rewards.

• Basic elements of Bayesian inference
(A gentle introduction)

1. Elements of probability theory

2. Belief updating with discrete evidence

• Phenotypes and hierarchies.



Independent probability

Probability of one variable or likelihood of an event.

It quantifies how likely it is for something to happen: the probability of a 
specific outcome for a random variable.
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It quantifies how likely it is for something to happen: the probability of a 
specific outcome for a random variable.

Probability of event A = p(A) 

p(red marble)= number of desired outcomes
total possible outcomes (if equally probable) =

12

20
= 0.60 

Assuming a jar with 12 red marble, 4 blue and 4 green



Independent probability

Probability of one variable or likelihood of an event.

It quantifies how likely it is for something to happen: the probability of a 
specific outcome for a random variable.

Probability of event A = p(A) 

p(red marble)= number of desired outcomes
total possible outcomes (if equally probable) =

12

20
= 0.60 

Assuming a jar with 12 red marble, 4 blue and 4 green

Sum of the probabilities for all outcomes = 1

Probability of impossible outcome = 0

Probability of certain outcome = 1



Joint probability

The probability of two (or more) simultaneous events, e.g. the outcomes of 
two (or more) different random variables.

p(A,B) = p(A ∩ B) = p(A ^ B) = p(A and B)



Joint probability

The probability of two (or more) simultaneous events, e.g. the outcomes of 
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Assuming two standard 6 face dices, rolled at once.



Joint probability

If A and B are statistically independent variables, it is calculated as:

p(A , B) = p(A)*p(B)   e.g., 1
6

∗
1

6
=

1

36
  

Assuming two standard 6 face dices, rolled at once.

With dependent variables, it is equivalent to :

p(A , B) =  p(B, A) = p(A given B) * p(B) = p(B given A) * p(A)

A=p(odd umber)= 1
2

; B=p(blue face)= 1
2

p(A , B) =  p(B, A) = 2
3

∗
1

2
=

2

6
=

1

3

Assuming a standard 6 face dice, with 3 blue and 3 red faces



Conditional probability

The probability of an event given the occurrence of another event. For 
instance, the probability of event A occurring after or in the presence of event 
B (p(B=1)), for a given trial.

p(A given B) = p(A | B) = 𝑝(𝐴 𝑎𝑛𝑑 𝐵)

𝑝(𝐵)

Where p(B)>0, i.e., the event B is possible (but it does not need to be certain).



Conditional probability

p(red marble)= number of desired outcomes
total possible (equally probable) outcomes =

18

40
= 0.45 

However,

p(red marble| blue extraction jar) = 𝑝(𝑟𝑒𝑑 𝑚𝑎𝑟𝑏𝑙𝑒, 𝐵𝑙𝑢𝑒 𝑗𝑎𝑟)

𝑝(𝐵𝑙𝑢𝑒 𝑗𝑎𝑟)
 =0.05

0.5
= 0.1

Assuming two jars: 

“Blue jar”: 16 blue marbles, 2 red and 2 yellow

“Red jar”: 16 red marbles, 2 blue and 2 yellow



Bayes’ theorem

p(A , B) = p(B , A) = p(A | B) * p(B) = p(B | A) * p(A) 



Bayes’ theorem

p(A , B) = p(B , A) = p(A | B) * p(B) = p(B | A) * p(A) 

𝑝(𝐴 | 𝐵)  =
𝑝 𝐵 𝐴 ∗ 𝑝(𝐴)

𝑝(𝐵)



  

  𝑝(𝐻|𝐷) =
p(D|H) p(H)

p(D)}
Conditional Probability of 
the hypothesis (H) to be true, 
given the data (D).

}

Conditional Probability of 
the data (D) to occur, if the 
hypothesis (H) is correct.

Bayes’ theorem

p(A , B) = p(B , A) = p(A | B) * p(B) = p(B | A) * p(A) 

𝑝(𝐴 | 𝐵)  =
𝑝 𝐵 𝐴 ∗ 𝑝(𝐴)

𝑝(𝐵)



  

  𝑝(𝐻|𝐷) =
p(D|H) p(H)

p(D)
Independent Probability to 
observe the data (D), in the 
environment.

}

Independent Probability 
for the hypothesis (H) 
to occur, in the 
environment.

}
}

Conditional Probability of 
the hypothesis (H) to be true, 
given the data (D).

}

Conditional Probability of 
the data (D) to occur, if the 
hypothesis (H) is correct.

Bayes’ theorem



Bayesian Inference
A common question:
What is the probability to find 
wet grass in the park, today? 
P(wet grass=1)

• Is the street wet? 
• Are sprinkles usually working 

at this time of the day?
• Is rain likely in this time of 

the year?



100%?

Bayesian Inference
Inversion:
I see wet grass in the park, 
did it rain today? 
p(rain | wet grass=1)

• Is the street wet? 
• Are sprinkles usually working 

at this time of the day?
• Is rain likely in this time of 

the year?
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50%? 50%?

Inversion:
I see wet grass in the park, 
did it rain today? 
p(rain | wet grass=1)

• Is the street wet? 
• Are sprinkles usually working 

at this time of the day?
• Is rain likely in this time of 

the year?
• What probability was 

assigned to the possibility of 
rain, before I collected the 
data?

H
yp

ot
he

se
s

D
at

a

Bayesian Inference

P(hypothesis | data)

NOTE: the frequentist approach 
assigns probabilities to data, not to 
hypotheses.
The Bayesian approach assigns 
probabilities to hypotheses, 
incorporating prior knowledge.



P(hypothesis | data)

NOTE: the frequentist approach 
assigns probabilities to data, not to 
hypotheses.
The Bayesian approach assigns 
probabilities to hypotheses, 
incorporating prior knowledge.

It took me ~20 minutes
to explain this joke.

Interim Summary



Next

• A change of perspective: reward prediction errors 
and errors of prediction without rewards.

• Basic elements of Bayesian inference
(A gentle introduction)

1. Elements of probability theory

2. Belief updating with discrete evidence

• Phenotypes and hierarchies.



Belief updating with discrete evidence, M1
E.g., see Guillermo Horga’s work on 
schizophrenia and delusions.
Simplified Bayesian inference updates, 
valid for environments with 2 options.



Belief updating with discrete evidence, M1
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Belief updating with discrete evidence, M1

𝑙𝑜𝑔𝑖𝑡 𝑝 = 𝑙𝑛
1 − 𝑝

𝑝



Belief updating with discrete evidence, M1



Belief updating with discrete evidence, M1

𝐿𝑜𝑔 𝐿𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 𝑅𝑎𝑡𝑖𝑜



Belief updating with discrete evidence, M1

Uscher and McClelland, Psychol Rev 2001

Leaky integration (neuroscience)
Base-rate neglect (economics)

}



Belief updating with discrete evidence, M2
Generalization: complete Bayesian 
inference updates, valid for 
any number of choices.



?

1

3

2

3

𝐵𝑗 𝑅𝑗

0.8 0.1 0.1 0.1 0.1 0.8

4. Prior probability: the distribution of probabilities, prior to collecting evidence.

P(𝐵𝑗) = 1

3
  P(𝑅𝑗) = 2

3

5. Likelihood: the probability of the data (marble extracted=blue), assuming each 
hypothesis is correct.

P(b|𝐵𝑗)=0.8  P(b|𝑅𝑗)=0.1

6. Posterior probability: the probability of each hypothesis to be true, given the 
data (marble extracted=blue).

P(𝐵𝑗|b)=?  P(𝑅𝑗|b)=?

Belief updating with discrete evidence, M2
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𝐵𝑗 𝑅𝑗

0.8 0.1 0.1 0.1 0.1 0.8

6. Posterior probability: the probability of each hypothesis, given the data 
(marble extracted=blue).

P(𝐵𝑗|b) = 
P(b|𝐵𝑗) P(𝐵𝑗)

P(b)  = 
0.8 ∙

1

3

(0.8 ∙
1

3
+ 0.1 ∙

2

3
)
 = 0.8

P(𝑅𝑗|b) = 
P(b|𝑅𝑗) P(𝑅𝑗)

P(b)  = 
0.1 ∙

2

3

(0.8 ∙
1

3
+ 0.1 ∙

2

3
)
 = 0.2

From priors to posteriors
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6. Posterior probability: the probability of each hypothesis, given the data 
(marble extracted=blue).

P(𝐵𝑗|b) = 
P(b|𝐵𝑗) P(𝐵𝑗)

P(b)  = 
0.8 ∙

1

3

(0.8 ∙
1

3
+ 0.1 ∙

2

3
)
 = 0.8

P(𝑅𝑗|b) = 
P(b|𝑅𝑗) P(𝑅𝑗)

P(b)  = 
0.1 ∙

2

3

(0.8 ∙
1

3
+ 0.1 ∙

2

3
)
 = 0.2

From priors to posteriors
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𝐵𝑗 𝑅𝑗

0.8 0.1 0.1 0.1 0.1 0.8

6. Posterior probability: the probability of each hypothesis, given the data 
(marbles extracted=blue + blue).

P(𝐵𝑗|b) = 
P(b|𝐵𝑗) P(𝐵𝑗)

P(b)  = 0.8 ∙ 𝟎.𝟖

(0.8 ∙ 𝟎.𝟖 + 0.1 ∙ 𝟎.𝟐)
 = 0.97

P(𝑅𝑗|b) = 
P(b|𝑅𝑗) P(𝑅𝑗)

P(b)  = 0.1 ∙ 𝟎.𝟐

(0.8 ∙ 𝟎.𝟖 + 0.1 ∙ 𝟎.𝟐)
 = 0.03

…priors have been updated into posteriors!

From priors to posteriors

0.8 0.2

New priors, new estimations
to be updated…
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1
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𝐵𝑗 𝑅𝑗

0.8 0.1 0.1 0.1 0.1 0.8

6. Posterior probability: the probability of each hypothesis, given the data 
(marbles extracted=blue + blue + red).

P(𝐵𝑗|r) = 
P(r|𝐵𝑗) P(𝐵𝑗)

P(r)  = 0.1 ∙ 𝟎.𝟗𝟕

(0.1 ∙ 𝟎.𝟗𝟕 + 0.8 ∙ 𝟎.𝟎𝟑)
 = 0.8

P(𝑅𝑗|r) = 
P(r|𝑅𝑗) P(𝑅𝑗)

P(r)  = 0.8 ∙ 𝟎.𝟎𝟑

(0.1 ∙ 𝟎.𝟗𝟕 + 0.8 ∙ 𝟎.𝟎𝟑)
 = 0.2

…priors have been updated into posteriors!

From priors to posteriors

0.8
0.97

0.2
0.03

New priors, new estimations
to be updated…
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1

3

2

3

𝐵𝑗 𝑅𝑗

0.8 0.1 0.1 0.1 0.1 0.8

6. Posterior probability: the probability of each hypothesis, given the data 
(marbles extracted=blue + blue + red + green).

P(𝐵𝑗|g) = 
P(g|𝐵𝑗) P(𝐵𝑗)

P(g)
 = 

0.1 ∙ 𝟎.𝟖

(0.1 ∙ 𝟎.𝟖 + 0.1 ∙ 𝟎.𝟐)
 = 0.8

P(𝑅𝑗|g) = 
P(r|𝑅𝑗) P(𝑅𝑗)

P(g)
 = 

0.1 ∙ 𝟎.𝟐

(0.1 ∙ 𝟎.𝟖 + 0.1 ∙ 𝟎.𝟐)
 = 0.2

…priors have been updated into posteriors!

From priors to posteriors

0.8
0.97
0.8

0.2
0.03
0.2

New priors, new estimations
to be updated…
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𝐵𝑗 𝑅𝑗

0.8 0.1 0.1 0.1 0.1 0.8

6. Posterior probability: the probability of each hypothesis, given the data 
(marbles extracted=blue + blue + red + green).

P(𝐵𝑗|g) = 
P(g|𝐵𝑗) P(𝐵𝑗)

P(g)
 = 

0.1 ∙ 𝟎.𝟖

(0.1 ∙ 𝟎.𝟖 + 0.1 ∙ 𝟎.𝟐)
 = 0.8

P(𝑅𝑗|g) = 
P(r|𝑅𝑗) P(𝑅𝑗)

P(g)
 = 

0.1 ∙ 𝟎.𝟐

(0.1 ∙ 𝟎.𝟖 + 0.1 ∙ 𝟎.𝟐)
 = 0.2

…priors have been updated into posteriors!

From priors to posteriors

0.8
0.97
0.8

0.2
0.03
0.2

New priors, new estimations
to be updated…

Priors=Posteriors

Data can be
meaningless!

}
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6. Posterior probability: the probability of each hypothesis, given the data 
(marbles extracted=blue + blue + blue).

P(𝐵𝑗|b) = 
P(b|𝐵𝑗) P(𝐵𝑗)

P(b)
 = 

0.8 ∙ 𝟎.𝟗𝟕

(0.8 ∙ 𝟎.𝟗𝟕 + 0.1 ∙ 𝟎.𝟎𝟑)
 = 0.9961

P(𝑅𝑗|b) = 
P(b|𝑅𝑗) P(𝑅𝑗)

P(b)
 = 

0.1 ∙ 𝟎.𝟎𝟑

(0.8 ∙ 𝟎.𝟗𝟕 + 0.1 ∙ 𝟎.𝟎𝟑)
 = 0.0039

 

To be noted

0.8
0.97

0.2
0.03

New priors, new estimations
to be updated…
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𝐵𝑗 𝑅𝑗

0.8 0.1 0.1 0.1 0.1 0.8

6. Posterior probability: the probability of each hypothesis, given the data 
(marbles extracted=blue + blue + blue + red).

P(𝐵𝑗|r) = 
P(r|𝐵𝑗) P(𝐵𝑗)

P(r)
 = 

0.1 ∙ 𝟎.𝟗𝟗𝟔𝟏

(0.1 ∙ 𝟎.𝟗𝟗𝟔𝟏 + 0.8 ∙ 𝟎.𝟎𝟎𝟑𝟗)
 = 0.9696

P(𝑅𝑗|r) = 
P(r|𝑅𝑗) P(𝑅𝑗)

P(r)
 = 

0.8 ∙ 𝟎.𝟎𝟎𝟑𝟗

(0.1 ∙ 𝟎.𝟗𝟗𝟔𝟏 + 0.8 ∙ 𝟎.𝟎𝟎𝟑𝟗)
 = 0.0304

 

To be noted

0.8
0.97
0.9961

0.2
0.03
0,0039

New priors, new estimations
to be updated…

High precision of prior beliefs leads to downplaying incoming sensory input. 



Questions?

• A change of perspective: reward prediction errors 
and errors of prediction without rewards.

• Basic elements of Bayesian inference
(A gentle introduction)

1. Elements of probability theory

2. Belief updating with discrete evidence

• Phenotypes and hierarchies.



Next…

• A change of perspective: reward prediction errors 
and errors of prediction without rewards.

• Basic elements of Bayesian inference
(A gentle introduction)

1. Elements of probability theory

2. Belief updating with discrete evidence

• Phenotypes and hierarchies 
(A gentle introduction?).



Uscher and McClelland, Psychol Rev 2001

Leaky integration (neuroscience)
Base-rate neglect (economics)

}

Modelling principles in action: phenotypes



Uscher and McClelland, Psychol Rev 2001

Subjects (e.g., clinical population vs healthy 
control) can differ in terms of the relevance 
(weight) assigned to the prior (ωp) or the 
likelihood (ωl).

}

Modelling principles in action: phenotypes

}



1

3

2

3

𝐵𝑗 𝑅𝑗

?

0.8 0.1 0.1 0.1 0.1 0.8

𝑃(𝐻|𝐷) =
P(D|H) P(H)

P(D)

Modelling principles in action: phenotypes

Prior
Posterior
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𝐵𝑗 𝑅𝑗

?

0.8 0.1 0.1 0.1 0.1 0.8

𝑃(𝐻|𝐷) =
P(D|H) P(H)

P(D)

Likelihood

Total probability 
of the data to occur

What if the likelihood of the data, 
given the hypothesis, is also unknown?

Prior
Posterior

Modelling principles in action: phenotypes



𝐵𝑗 𝑅𝑗

0.8 0.1 0.1 0.1 0.1 0.8

Bayesian modelling usually assumes 
that the beliefs of biological agents are 
normally distributed. 
Thus, subjects differ depending on their 
assumptions about how the events are 
(normally) distributed.

What if the likelihood of the data, 
given the hypothesis, is also unknown?

Modelling principles in action: phenotypes



𝐵𝑗 𝑅𝑗

0.8 0.1 0.1 0.1 0.1 0.8

𝐵𝑗 𝑅𝑗

0.6 0.2 0.2 0.01 0.01 0.98

Modelling principles in action: phenotypes

Different assumptions concerning these 
distributions of events result in different 
paces for the belief update.



𝐵𝑗 𝑅𝑗

0.8 0.1 0.1 0.1 0.1 0.8

Different assumptions concerning these 
distributions of events result in different 
paces for the belief update.

Quasi-deterministic assumptions (high 
precision) entail fast updates, whereas 
assuming high stochasticity (low 
precision) entails slow updates.

Cumulative distribution function

𝐵𝑗 𝑅𝑗

0.6 0.2 0.2 0.01 0.01 0.98

Modelling principles in action: phenotypes



Probabilistic perceptual task
● No feedback provided after choice 

selections. 
● 10 blocks. 
● 1 or 2 reversals per block. 15 trials per 

block.

Modelling principles in action: phenotypes



Modelling principles in action: phenotypes

𝑃(𝐻|𝐷) =
P(D|H) P(H)

P(D)

Likelihood

Total probability 
of the data to occur

Prior
Posterior

N=100
Likelihood: 0.9<λ<1 



Modelling principles in action: phenotypes

𝑃(𝐻|𝐷) =
P(D|H) P(H)

P(D)

Likelihood

Total probability 
of the data to occur

Prior
Posterior

N=100
Likelihood: 0.8<λ<0.9 



Modelling principles in action: phenotypes

𝑃(𝐻|𝐷) =
P(D|H) P(H)

P(D)

Likelihood

Total probability 
of the data to occur

Prior
Posterior

N=100
Likelihood: 0.7<λ<0.8 



Modelling principles in action: phenotypes

𝑃(𝐻|𝐷) =
P(D|H) P(H)

P(D)

Likelihood

Total probability 
of the data to occur

Prior
Posterior

N=100
Likelihood: 0.6<λ<0.7 



Modelling principles in action: phenotypes

𝑃(𝐻|𝐷) =
P(D|H) P(H)

P(D)

Likelihood

Total probability 
of the data to occur

Prior
Posterior

N=100
Likelihood: 0.5<λ<0.6 



Modelling principles in action: phenotypes

𝑃(𝐻|𝐷) =
P(D|H) P(H)

P(D)

Likelihood

Total probability 
of the data to occur

Prior
Posterior

N=100
Likelihood: 0.4<λ<0.5 



Modelling principles in action: hierarchies

𝑃(𝐻|𝐷) =
P(D|H) P(H)

P(D)

Likelihood

Total probability 
of the data to occur

Prior
Posterior

𝐵𝑗 𝑅𝑗

0.8 0.1 0.1 0.1 0.1 0.8

What if the likelihood of the data, 
given the hypothesis, is both unknown and varies over time?
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Modelling principles in action: hierarchies

Volatility: 80%-10%-10% Volatility: 50%-25%-25%

Environment 
(generative process)

Inferred state 
(generative model)

Likelihood

(λ)

Data t 

(color)

St

P(pond|color t, λ, prior)t



Modelling principles in action: hierarchies

Volatility: 80%-10%-10% Volatility: 50%-25%-25%

Environment 
(generative process)

Inferred state 
(generative model)

Likelihood

(λ)

Data t 

(color)

St

Likelihood

(λ)

Data t+1 

(color)

St+1

P(pond|color t+1, λ, prior)t+1P(pond|color t, λ, prior)t



Modelling principles in action: hierarchies

Volatility: 80%-10%-10% Volatility: 50%-25%-25%

Inferred state 
(generative model)

Data t 

(color)

St

Data t+1 

(color)

St+1

λ t λ t+1

P(pond|color t+1, λ t+1, prior)t+1P(pond|color t, λ t, prior)t

Environment 
(generative process)

λ t ​=f(λ 0 ​,Data1:t ​)

α 0



Inferred state 
(generative model)

Data t 

(color)

St

Data t+1 

(color)

St+1

λ t λ t+1

P(pond|color t+1, λ t+1, prior)t+1P(pond|color t, λ t, prior)t

Environment 
(generative process)

λ t ​=f(λ 0 ​,Data1:t ​)

α 0

Modelling principles in action: hierarchies

Volatility: 80%-10%-10% Volatility: 50%-25%-25%

Dirichlet update:

λ𝑡
(𝑖)

=
α0

(𝑖)
+ 𝑘 𝑑𝑎𝑡𝑎1:𝑡

(𝑖)

σ(α0
𝑖

+ 𝑘 𝑑𝑎𝑡𝑎1:𝑡)

e.g.:
α0

(𝑏𝑙𝑢𝑒 𝑝𝑜𝑛𝑑)
= 8 1 1 ; 𝑑𝑎𝑡𝑎1:5 = 4 1 0 ;  𝑘 = 0.5; 

  

λ6
(𝑏𝑙𝑢𝑒 𝑝𝑜𝑛𝑑)

=
[10 1.5 1]

12.5
= [0.8 0.12 0.08] 

λ t ​=f(α 0 ​,k,Data1:t ​)



Inferred state 
(generative model)

Data t 

(color)

St

Data t+1 

(color)

St+1

λ t λ t+1

P(pond|color t+1, λ t+1, prior)t+1P(pond|color t, λ t, prior)t

Environment 
(generative process)

λ t ​=f(λ 0 ​,Data1:t ​)

α 0

Modelling principles in action: hierarchies

Volatility: 80%-10%-10% Volatility: 50%-25%-25%

Dirichlet update:

λ𝑡
(𝑖)

=
α0

(𝑖)
+ 𝑘 𝑑𝑎𝑡𝑎1:𝑡

(𝑖)

σ(α0
𝑖

+ 𝑘 𝑑𝑎𝑡𝑎1:𝑡)

e.g.:
α0

(𝑦𝑒𝑙𝑙𝑜𝑤 𝑝𝑜𝑛𝑑)
= 1 8 1 ; 𝑑𝑎𝑡𝑎1:5 = 4 1 0 ;  𝑘 = 0.5; 

  

λ6
(𝑏𝑙𝑢𝑒)

=
[10 1.5 1]

12.5
= 0.8 0.12 0.08 ; λ6

(𝑦𝑒𝑙𝑙𝑜𝑤)
=

[3 8.5 1]

12.5
= [0.24 0.68 0.08]

λ t ​=f(α 0 ​,k,Data1:t ​)



Inferred state 
(generative model)

Data t 

(color)

St

Data t+1 

(color)

St+1

λ t λ t+1

P(pond|color t+1, λ t+1, prior)t+1P(pond|color t, λ t, prior)t

Environment 
(generative process)

λ t ​=f(λ 0 ​,Data1:t ​)

α 0

Modelling principles in action: hierarchies

Volatility: 80%-10%-10% Volatility: 50%-25%-25%

Dirichlet update:

λ𝑡
(𝑖)

=
α0

(𝑖)
+ 𝑘 𝑑𝑎𝑡𝑎1:𝑡

(𝑖)

σ(α0
𝑖

+ 𝑘 𝑑𝑎𝑡𝑎1:𝑡)

e.g.:
α0

(𝑔𝑟𝑒𝑒𝑛 𝑝𝑜𝑛𝑑)
= 1 1 8 ; 𝑑𝑎𝑡𝑎1:5 = 4 1 0 ;  𝑘 = 0.5;

  

λ6
(𝑏𝑙𝑢𝑒)

=
[10 1.5 1]

12.5
;  λ6

(𝑦𝑒𝑙𝑙𝑜𝑤)
=

[3 8.5 1]

12.5
;  λ6

(𝑔𝑟𝑒𝑒𝑛)
=

[3 1.5 8]

12.5
= [0.24 0.12 0.64]

λ t ​=f(α 0 ​,k,Data1:t ​)



Inferred state 
(generative model)

Data t 

(color)

St

Data t+1 

(color)

St+1

λ t λ t+1

P(pond|color t+1, λ t+1, prior)t+1P(pond|color t, λ t, prior)t

Environment 
(generative process)

λ t ​=f(λ 0 ​,Data1:t ​)

α 0

Modelling principles in action: hierarchies

Volatility: 80%-10%-10% Volatility: 50%-25%-25%

Dirichlet update:

λ𝑡
(𝑖)

=
α0

(𝑖)
+ 𝑘 𝑑𝑎𝑡𝑎1:𝑡

(𝑖)

σ(α0
𝑖

+ 𝑘 𝑑𝑎𝑡𝑎1:𝑡)

e.g.:
α0

(𝑔𝑟𝑒𝑒𝑛 𝑝𝑜𝑛𝑑)
= 1 1 8 ; 𝑑𝑎𝑡𝑎1:5 = 4 1 0 ;  𝑘 = 0.5;

  

λ6
(𝑏𝑙𝑢𝑒)

=
[10 1.5 1]

12.5
;  λ6

(𝑦𝑒𝑙𝑙𝑜𝑤)
=

[3 8.5 1]

12.5
;  λ6

(𝑔𝑟𝑒𝑒𝑛)
=

[3 1.5 8]

12.5
= [0.24 0.12 0.64]

λ t ​=f(α 0 ​,k,Data1:t ​)



Inferred state 
(generative model)

Data t 

(color)

St

Data t+1 

(color)

St+1

λ t λ t+1

P(pond|color t+1, λ t+1, prior)t+1P(pond|color t, λ t, prior)t

Environment 
(generative process)

λ t ​=f(λ 0 ​,Data1:t ​)

α 0

Modelling principles in action: hierarchies

Volatility: 80%-10%-10% Volatility: 50%-25%-25%

Dirichlet update:

λ𝑡
(𝑖)

=
α0

(𝑖)
+ 𝑘 𝑑𝑎𝑡𝑎1:𝑡

(𝑖)

σ(α0
𝑖

+ 𝑘 𝑑𝑎𝑡𝑎1:𝑡)

e.g.:
α0

(𝑏𝑙𝑢𝑒 𝑝𝑜𝑛𝑑)
= 8 1 1 ; 𝑑𝑎𝑡𝑎1:10 = 5 3 3 ;  𝑘 = 0.5; 

  

λ6
(𝑏𝑙𝑢𝑒 𝑝𝑜𝑛𝑑)

=
[10.5 2.5 1.5]

15
= [0.7 0.167 0.1] 

λ t ​=f(α 0 ​,k,Data1:t ​)



Summary
• Biological agents continuously collect information from the environment to 

form and update their own beliefs.

• Estimated distributions of probabilities (i.e., beliefs) can be updated using 
Bayes’ theorem, assuming:

o optimal behavior, relative to the objectives and the information available.

o (usually) normal distributions.

• Subject-specific model parameters are estimated tuning the model to match 
the specific choice selections of each experimental subject.

o Estimated precision in prior beliefs and in the likelihood of events affect the pace of update in 
non-linear ways.

o Hierarchies can be used to determine multiple level of decision-making processes and 
estimations



Thank you!
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